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On Separation Axioms in
Fuzzifying Generalized Topology

N. GOWRISANKAR, N. RAJESH AND V. VIJAYABHARATHI

ABSTRACT. In this paper we introduce and study the concept of fuzzi-
fying separation axioms in fuzzifying generalized topological spaces.

1. INTRODUCTION

Fuzzy topology as an important research field in fuzzy set theory has
been developed into quite a mature discipline [1|-[7]. In contrast to classi-
cal topology, fuzzy topology is endowed with richer structure to a certain
extent, which is manifested in different ways to generalize certain classical
concepts. So far, according to [2], the kind of topologies defined by Chang
[8] and Goguen [9] are called the topologies of fuzzy subsets, and further
are naturally called L-topological spaces if a lattice L of membership values
has been chosen. Loosely speaking, a topology of fuzzy subsets (resp. an
L-topological space) is a family p of fuzzy subsets (resp. L-fuzzy subsets) of
nonempty set X, and u satisfies the basic conditions of classical topologies.
The concept of fuzzifying generalized topology was introduced and studied
by the same authors [10]. All the results in this paper as a generalization
of the results in [4], [11], [12] and [13]. That is, we introduce and study the
concept of fuzzifying separation axioms in fuzzifying generalized topological
spaces.

2. PRELIMINARIES

First, we display the Lukasiewicz logic and corresponding set theoretical
notations used in this paper. For any formula ¢, the symbol [¢] means the
truth value of ¢, where the set of truth values is the unit interval [0, 1]. We
write = ¢ if [p] = 1 for any interpretation. By E" (¢ is feebly valid)
we mean that for any valuation it always holds that [¢] > 0, and ¢ =" &
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we mean that [p] > 0 implies [{]=1. The truth valuation rules for primary
fuzzy logical formulae and corresponding set theoretical notations are:

(1) (a) [\l = A(A € [0,1]);

(b) [ A €] = min([¢], [€]);

() [p — €] = min(1,1 = [¢] + [¢]);
(2) If A € ¥(X), then [z € A] := A(x).

(3) If X is the universe of discourse, then [Vzp(z)] := ing([go(x)].
TE

In addition, the truth valuation rules for some derived formulae are

(1) [¢):=[p = 0] = 1 — [g];

(2) [¢ V&l = [~(=p A =E)] = max([e], [€]);

B) [p &= =N(E—=0)

4) [pAg] = [~(p = 2] = max(0, [¢] + [¢] = 1);

(5) [¢ V&l = [~e = &) = min(1, [¢] + [£]);

(6) Bre(r)] == [~Va—p(z)] = sup [o(@)];

(7) If A, B € 3(X), then
() [AC B]:=Ve(zr € A=z € B)] = xlg)f( min(1,1— A(z) + B(z));
(b) [A=B):=[AC B]A[B C A];
(¢) [A = B], where I(X) is the family of all fuzzy sets in X.

Definition 1 (|10]). Let X be a universe of discourse, u € S(P(X)) satis-
fying the following conditions:

(1) p(x) =1, p(®) =1;
(2) for any {Ay : A€ A}, u( U Ay) > A p(Ay). Then p is called a
AEA AEA

fuzzifying generalized topology and (X, u) is a fuzzifying generalized
topological space.

Definition 2 ([10]). The family of all fuzzifying generalized closed sets,
denoted by F' € S(P(X)), is defined A € F := X — A € pu, where X — A is
the complement of A.

Definition 3 ([10]). The fuzzifying generalized neighborhood system of a
point z € X is denoted by N, € I(P(X)) and defined as follows:
No(4)= sup u(B).
z€BCA
Definition 4 ([10]). The generalized closure ¢, (A) of A is defined as ¢, (A)(z) =
— N, (X — A).

Definition 5 ([10]). For any A C X the fuzzy set of the generalized inte-

rior points of A is called the interior of A, and given as follows: i,(A)(x) :=

N (A). Clearly, the definitions of N,(A) and i,,(A) we have p(A) = injf;1 iu(A)(x).
e
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3. FUZZIFYING j-SEPARATION AXIOMS

Remark 1. For simplicity we put the following notations:
Ki,=3A(Ae NfNy g A)V(Ae N nr ¢ A)),
Hf, =3B3C((Be NNy ¢ B) vV (C e N Az ¢ C)),
M!,:=3B3C(Be N} ANC e NI ABNC =),

Vip=3A3B(Ae N! N\BeuADCBANANB=10),
Wip=3GIH(GeuNHeuNACGABC HAGNH =0).
Definition 6. Let Q be the class of all fuzzifying generalized topological
spaces. The unary fuzzy predicates pu-T; € Z(2), i=0,1,2,3,4 and u-R; €

Z(§2), i=0,1 are defined as follows:

X,p) € p-To =VaVy(r € X Ny e X Nz #y) = KL,

)€ u-Th :==VaVy(x € X Ny € X Ao #y) — HEY
)€ uTy :=VaVy(r € X Ny e X Nw #y) — MY,

) € u-Ts :=VaVD(x € X ND € FyAw ¢ D) = V/'p,
) € Ty :=VAVB(A€ F; A\B€ F;ANANB =0) = W} 5,
(X,p) € p-Ro :==VaVy(x €e X Ny €Y Nx #£y) — (K, — HY ),
(X,p) € p-Ry :=VaVy(xr € X Ny €Y Nx #£y) — (K, = ML,).

Lemma 1.

(1) E Mﬁy — Hﬁy,
(2) E HEy — KLy,
(3) F M;,’iy — Kﬁy.

Proof.

(1) Since {B,c} € P(X): BNC =0} C
{B,c} € P(X):y¢ BAxz ¢ C}, then
M}, = sup min(NZ(B),

BNC=0
N (C) < sup min(NE(B), Ny (C)) = HE,,.
y¢B,z¢C
(2) [Kky] = max(sup Nt (A), sup N;(A)) > sup Ni'(A) >
y¢A z¢B y¢A
sup (NE(A) AN (b) = HE,.

y¢A,x¢B

(3) From (1) and (2), it is obvious. O

Theorem 1.

(1) B (X, ) € p-Ty — (X, n) € p-To,
(2) F (Xau) € p-Ty — (lei) € p-1h.
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Proof. The proof of (1) and (2) are obtained from Lemma 1 (2) and (1),
respectively. O

Corollary 1. F (X, p) € p-To — (X, p) € p-Tp.

Theorem 2. F (X, pu) € p-Tp <> (VaVy(zr e X Nye X Nz #y — (—(x €
cu{yD)) vV ~(y € cu({2}))))-

Proof.

(X, p) € p—To] = inf max(sup Nj'(A), sup N/ (A4))
Y ygA ¢ A

= giﬂr;g/max(Nﬁ(X ~{y}), N (X ~ {z}))
= inf max(1 — ¢, ({y})(z),1 — cu({2})(y))

TH#Y

= inf (=(cu({y})(@)) V ~(c.({2}) ()))

zAy

= (V:UVy(mEX/\yEX/\x#yﬁ
(=(z € cu{y}))) V(v € C,u({w})))>- O

Theorem 3. For any fuzzifying generalized topological space (X, pu),F (X, p) €
p-Th < Ve({z} € F,).

Proof. For any x1,x2, 1 # T3,

Vr({r} € Bl = inf Fu({z))
= inf p(X ~ {z})
ik ey M )
< it M ~ o))

< NE(X ~ {2)) = sup NE(A).
$2¢A

Similarly, we have, [Vz({z} € F,)] < sup Nk, (B). Then,
z1¢B

Vz({z} € F,)] = inf min(sup N} (A), sup NE (B))
zl?’éwQ QSQ%A T1EB
= inf sup  min(NE (A), N} (B))
T1FT2 r1¢B, x2¢ A

— [(X,p) € - T
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On the other hand,
[(X,p) € p—T1] = inf min(sup NJ| (A), sup N[, (B))

T1F£T2 T2¢ A r1€B

= inf min(NV} (X ~ {z2}), VL (X ~ {z1}))
T1£T2

< inf NE (X ~ {x2})
T17£T2

= inf inf NE(X ~
xgéXTx1€}gL{x2} Il( {$2})

= inf p(X ~{22})

= inf u(X ~ {z})

— [Va({z} € Fy)].
Thus, [(X,p) € p—T1] = [Vz({z} € F,)]. O
Definition 7. The p-local base SB, of z is a function from P(X) into I
such that the following conditions are satisfied:

(1) FSBs C Nz,
(2) FAe Nf - 3IB(BeSB, Nz € BCA).

Lemma 2. F A€ N} +»3B(B€ S, Az € BC A).

Proof. From condition (1) in Definition 7 we have Ni(A) > Ni(B) >

SB.(B) for each B € P(X) such that z € B C A. So, N;(A) > sup SB.(B).
reBCA

From condition (2) in Definition 7, N}'(A) < sup SB.(B). Hence NL(A) =
z€BCA

sup Sp:(B). O
reBCA
Theorem 4. If SB, is a p-local basis of z, then F (X,u) € p-Ty +
VaVy(r e X Ny e X Nx#y — IB(B € SB Ny € =(cu(B)))).

Proof. VaVy(r €e X Nye X Nx #y — IB(B € SB Ny € ~(cu(B))))]
= inf sup min(SB:(B), NJ(X ~ B))
©7#Y BeP(X)
= inf sup sup min(SB5(B),SHy(C))
©7#Y BeP(X) yeCCX~B

= inf sup sup min(SBx(D),SBy(E))
T#Y BnC=0 z€ DCB,

yeECC
= inf sup min( sup SBx(D), sup SBy(E))
7Y BNC=0 t€DCB yeECC
= inf sup min(NF(B), N (C))
7Y BNC=0)
= [(X,p) € p—To).
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Theorem 5. F (X, ) € u-R1 — (X, u) € p-Ro.

Proof. From Lemma 1 (1) the proof is immediate. O
Theorem 6.

(1) B (X, ) € p-Ty — (X, p) € p-Ro,
(2) E(X,p) € u-Ty — (X, p) € u-Ro AN (X, ) € p-To,
(3) If p-To(X, ) = 1, then

F (X, p) € p-Th < (X, p1) € p-Ro A (X, 1) € p-To.

Proof.
(1) We have,

:U"Rl(Xv N) = [H# ] < inf [K:g,y - H:g,y] = M'RU(XHU‘)‘

inf
ﬂgléy Y TH#Y
(2) It is obtained from (1) and from Theorem 1(1).

(3) Since pu-To(X,un) = 1, for every z,y € X such that z # y we have
(KL, = 1. Now,

(X, p) € p-Ro A (X, p) € p-To] = [(X, p) € -p-Ro)
= aljr;g/ min(1, 1 — [K} ]+ [HE,])

inf [HY' | = -p-T1 (X, ). O
TFY

Theorem 7.

(1) E(X,p) € u-Ro N (X, ) € p-To = (X, 1) € p-T1;
(2) If p-To(X, p) = 1, then

F (X, p) € p-Ro AN (X, p) € p-To < (X, pn) € p-Th.

Proof.
(1) [(X,p) € p-Ro A (X, p) € p-Tp)]
= max(0,-p-Ro(X, p) +-p-To(X, p) — 1)

= max(0, inf min(1,1 — [KZ | + [HZ,]) + inf [KF ] -1
(0, nf min(1, 1~ [K, ] + [HE, ) + i [K2,] ~ 1)

S maX(Ov H;f min(l, 1- [Kéiy] + [Héiy]) + [Kg7y] - 1)
Tty

= ;r;fy[Hg,y] =-pu-Ti(X, M)
(2) [(X,p) € p-Ro A (X, ) € p-To
=[(X,p) € -p-Ro] = inf min(1,1 — [KE ]+ [HY,])

= inf [H:ltﬁy] = -pu-Ti(X, M)ﬂ
TFY
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because u-To(X,p) = 1, we have for each z,y € X such that

Theorem 8.

(1) B (X, ) € p-To = (X, p) € p-Ro — (X, p) € p-Th).
(2) F (X7 /’L) € p-Ro — ((X’ :U’) € p-lop — (X7 /’L) € N'Tl)‘

Proof. From Theorems 6 (1) and 7 (1), we have
(1) (X, ) € 5T = ((X,11) € j-Ro = (X, ) € p-Th)]
— min(1, 1 - (X, 1) € -Ty]
Fmin(1,1— [(X,1) € -Ro] + [(X, ) € -4T1])
— min(1, 1 - (X, 1) € -Ty]
+1—[(X,p) € -p-Ro] + [(X, p) € -p-T1])
— min(1, 1 (X, 1) € -Ty]
(X, ) € -u-Ro] — 1) + [(X, ) € -pTi]) = 1.
(2) [(X,p) € p-Ro — (X, p) € p=To = (X, p) € p-T1)].
— wmin(1, 1 (X, 1) € -Ty]
(X, ) € --Ro] — 1) + [(X, ) € - Ti]) = 1. n
Theorem 9.

(1) B (X, ) € p-Ty — (X, p) € p-Ry,
(2) F(X,p) € p-To — (X, p) € p-Ba A (X, 1) € p-To;
(3) If u-To(X, p) = 1, then
F(X,p) € p-To < (X, p) € p-Ba A (X, 1) € p-Tp.
Proof.
(1) We have p-To(X, ) = ;r;g [Mzy] < ;gg [Kzy — Mzy| = p-Ra(X, p).
(2) It is obtained from (1) and Corollary 1.

(3) Since pu-To(X,p) = 1, then for each z,y € X such that x # y we
have [K%,] = 1.
Now,

(X, 1) € p-Ry A (X, ) € p-To]

[(Xa :u) € _/J’_Rl] = ;Iyléfg; min(l, 1- [Kg,y] + [Malzj;y])

inf [MF' ] = -pu-T2(X, p). O
Ay

Theorem 10.

(1) F (X, p) € p-Ra N (X, p) € p-To — (X, ) € p-To.
(2) F(X,p) € p-Ra N (X, p) € p-To <> (X, ) € p-To.
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Proof.
(1) [(X,p) € p-Ra A (X, p) € p-To)]

= maX<O7'M'R1(X7 M) + 'M'TO(Xv M) - 1)
= max(0, inf min(1,1 — [K57y] + [Mgﬁy]) + ir;f [Kg,y] - 1)
zFy

TFY
< max(0, iI;éf min(1,1 — [KY |+ [M],]) + [KE,] — 1)
a#y
= inf [M}' | = -p-To (X, ).
T#y

(2) [(X,p) € p-Ry N (X, 1) € p-Tp)
=[(X,p) € -p-Rq] = }Bg min(1,1 - [KF, ]+ [M£,])

= inf [M:#,y] = _M_TQ(X’ M)?
T#Y
since pu-To(X, p) = 1, then for each z,y € X such that
Z 7é Y, [Kéiy] =1 O
Theorem 11.

(1) F (X.p) € pTo = (X, ) € p-Ry = (X, ) € p-Th).
(2) F (X.1) € p-Ry — (X, ) € p-To — (X, ) € p-Th).

Proof.

(1) From Theorems 9(1) and 10(1) we have

(X, 1) € p-To = (X, ) € p-Ba — (X ) € p-T3))]

= min(la 1- [(Xv M) € ':U'TO} + min(lv 1 - [(Xa M) € 'M'Rl] + [(Xa M) € ':UJ'T2]))
=min(1,1 = [(X,p) € -p-To] + 1 = [(X, p) € -p-Ra] + [(X, p) € -p-T2])
= min(1, 1 — ([(X, ) € -T) + (X, 1) € -] — 1) + [(X, ) € --T3]) = 1.

(2) The proof is similar to (1). O
Theorem 12. If u-To(X, pn) =1, then

(1) B (X, ) € p-To — (X, ) € p-Ro — (X, p) € p-T1))
AN(X, 1) € p-Ty = = (X, p) € p-To = =((X, p) € p-Ro))),
F((X,un) € u-Ry — (X, 1) € u-To — (X, p) € p-11))
A(X, p) € p-Ty = =((X, 1) € p-To — =((X, p) € p-Ro))),
F (X ) € pTo — (X, p) € p-Ro — (X, p) € p-T1))
Q((Xw) € p-Ty — ~((X, 1) € p-Ro — ~((X, ) € p-Tp))),
A

— o~ o~

(4) F((X,p) € p-Ro — (X, pp) € p-Tp — (X, p) € p-T1))

(X, ) € p-Ty = ~((X, p) € p-Ro = ~((X, p) € p-Tp))).

Proof. For simplicity we put, u-To(X, u) = A, p-Ro(X, p) = 6 and p-T1 (X, ) =
p. Now, applying Theorem 7(2), the proof is obtained with some relations

—~
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in fuzzy logic as follows:
(1)=AAO0<<p)=(AN0—=p)A(p— AN
= (AAOA=p) A=(pA—(ANE))
= ~(AA=(=(8 A=) A~(p (X = —))

[e)

— (A= =0 A=) A (p = ~(A = ~6)
=A== p) A=A = b)),
since A is commutative one can have the proof of statements (2)-(4) in a

similar way as (1). O

By a similar procedure to Theorem 11 one can have the following theorem.

Theorem 13.

(1) F((X,p) € p-To = (X, p) € p-Ba — (X, p) € p-T3))
AN(X, p) € p-To = (X, p) € p-To = ~((X, 1) € p-Ra))),

F (X, p) € p-By = (X, p) € p-To — (X, ) € p-T3))
A((X 1) € p-To — =((X, p) € p-Toy — =((X, ) € p-R1))),

(3) F (X, ) € p-To — (X, p) € p-Ry — (X, p) € p-T))
AN(X, p) € p-Th — ~((X, p) € p-Ry — =((X, ) € p-Tp))),

F (X, p) € p-Ry — (X, p) € p-To = (X, ) € p-T3))
AN(X, p) € p-Ta = ~((X, 1) € p-R1 — ~((X, p) € p-Tp))).

Lemma 3.

(1) If DC B, then sup NL(A)= sup N (Z);
ANB=() ANB=0,DCB
(2) sup inf NJ(X ~A)= sup u(B).
AnB=pYED ANB=0
DCB
Proof.

(1) Since D C B,

sup NH(A)= sup NE(A)A[DC B]= sup NK(A).
ANB=0 ANB=0 ABEEQ

(2) Let y € D and AN B = (). Then,
sup p(B) = sup p(B)Aly € D]

— o u(B)
yeDCBCX~A

= sup u(B)
yeDCX~A

= sup inf N}'(X ~ A). O
AnB=pYy<D
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Definition 8. u-T." (X, 1) :=
VaVD(x € X AD e F;hx ¢ D — JA(Ae NEAN(D C X ~cu(A)))).

Theorem 14. F (X, 1) € p-Ts < (X,1,2) € p-T4.

Proof. Now,
u—T?El)(X,,u) = 1£f min(1,1 —i(X ~ D)
+ sup min(N3(A), inf (1 —c,(A)(y)))),
A€eP(X) yeD

= inf min(1,1 —i(X ~ D)
x¢D
+ sup min(N}(A), inf NJ'(X ~ A))),

x
AeP(X) yeD

and

w-T5(X, p) = 12f min(1,1 — (X ~ D) + A?]lgp@mm(N“(A),u(B))).

So the result hold if we prove that

(%) sup min(N4'(A), inf NJ'(X ~ A)) = sup min(NF(A), u(B)).
A€P(X) yeDh AnB=0

It is clear that, on the left hand side of (x) when AN C # 0, then there
exists y € X such that y € D and y ¢ X ~ A. So in{_)N;(XNA) =0 and
ye

thus (%) becomes

sup min(N4'(A), inf N}'(X ~ A)) = sup min(NF(A), u(B)),

AeP(X) yeD ANB=0
ANB=0 DCB
which is obtained from Lemma 3. O

Definition 9. ,u—TéQ) (X,pn) :=VaVB(x € BAB € u—
JA(A € NI ANeup(A) € B)).
Theorem 15. F (X, ) € p-T5 <> (X, p) € u—T3(2).

Proof. From Theorem 14, we have

p-T5(X, )
= inf min(1,1 — u(X ~ D)+ sup min(NL(A), inf NJ(X ~ A))).
z¢D AeP(X) yeD
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Now, if we put B = X ~ D, then

=T (X, )
= inf min(1,1 —¢(B)+ sup min(NK(A), inf NI (X ~ A)))

reB AeP(X) yeX~B 4

= inf min(1,1 — p(X ~ D) + sup min(NJ(A), inf Nf'(X ~ A)))
z¢D AeP(X) yeD

= p—T3(X, p).

O
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